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Local anisotropy in incompressible magnetohydrodynamic turbulence
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It is a well known fact that in the presence of a dc applied magnetic field, magnetohydrodynamic
~MHD! turbulence develops spectral anisotropy from isotropic initial conditions. Typically, the
reduced spectrum is steeper in the direction of the magnetic field than it is in any transverse
direction. One might expect that a dc field is not essential, and it is the local mean field that is
responsible. To address this issue, three-dimensional MHD pseudo-spectral incompressible
relaxation simulations are performed, and structure functions computed according to whether the
separation is parallel to, or transverse to, the local mean magnetic field. Correlation lengths are
longer in the locally averaged magnetic field direction than in any perpendicular direction, even
when the global mean magnetic field is zero. Local anisotropy is observed to be stronger in regions
of strong magnetic field. A general definition of anisotropy angles and a methodology to study local
anisotropy are proposed. ©2001 American Institute of Physics.@DOI: 10.1063/1.1369658#
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I. INTRODUCTION

It is very well established that in the presence of a
~constant both in space and time! applied magnetic field,
magnetohydrodynamic~MHD! turbulence develops spectr
anisotropy from an isotropic initial condition.1,2 The reduced
spectrum is steeper in the direction of the dc magnetic fi
than it is in any transverse direction. The turbulent casc
transfers energy to the perpendicular wavenumbers up to
dissipation scale in the usual way, but no cascade occu
the parallel direction.2–7 This theoretical picture is supporte
by experiments,8–10 astrophysical observations11,12 and nu-
merical simulations.2,5,6,13 Its full implications in MHD tur-
bulence theory are diverse, and have not yet been comple
realized.

A simple and intuitive interpretation of spectral aniso
ropy was given in Ref. 2. In incompressible MHD all no
linear interactions occur among triads of wavevectors sa
fying k15k21k3 . In the presence of a dc magnetic fie
Bdc, a perturbative analysis shows that for resonant tria
one of the members must satisfyk"Bdc50, and the other two
have an equal and opposite component in the direction
allel to Bdc. Thus, resonant spectral transfer can only
crease the perpendicular component of the wavevectors.
relevance of these triad interactions was first put into dou14

and later on confirmed3,15,16by different authors.
It is important to note that spectral anisotropy is n

confined to the field of weak turbulence, or that of perturb
tion theory; it is intrinsically related to the structure of th
MHD equations. Consider the incompressible MHD equ
tions in the presence of a dc magnetic fieldBdc ~all magnetic
fields in this paper are expressed in velocity units!, written in
terms of the Elsa¨sser variablesz65vÁB,17

] tz
652z7

•“z66Bdc•“z62
1

r
“p1D6, ~1!
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where r is the plasma density,p is the total ~kinetic plus
magnetic! pressure andD6 represent the dissipation term
which are negligible in the inertial range. The first term
the right hand side~RHS! of Eq. ~1! represents the nonlinea
interactions between thez6 fields, while the second term
represents linear~Alfvénic! wave propagation along the d
magnetic field. Rearranging terms in Eq.~1! we obtain

] tz
652z7

•“'z66~Bdc7z7!•“iz62
1

r
“p1D6, ~2!

where we chooseBdc to point in the (0,0,1) direction,“'

5(]x,]y,0) and“i5(0,0,]z). Consider the case in whichz0 ,
the size of the fluctuations, is much smaller than the dc fi
amplitude. In a turbulent state, the nonlinear term is expec
to overcome, or at least to balance the Alfve´nic term. It fol-
lows from Eq.~2! that these terms are balanced if

u“ iu
u“'u

;
z0

Bdc
. ~3!

Thus, parallel variations are much smaller than perpendic
variations, and the ratio is proportional toz0 /Bdc.5,6 Note
that if the nonlinear term overcomes the Alfve´nic term, the
ratio of typical lengths could be much smaller than what
estimated in Eq.~3!. Similar lines of reasoning give place t
the reduced MHD~RMHD! equations,18–21which in the last
two decades have been widely used in the context of m
netized plasmas, as well as of the ‘‘critically balanced’’ tu
bulence phenomenology.22

One might expect that a dc field is not essential, and i
the local mean field that is responsible for inducing dynam
anisotropy. This would be an important consistency res
and gives motivation for the present paper, in which we
vestigate the occurrence of local anisotropy in thre
dimensional MHD. Our main questions are the following:~a!
does the local mean magnetic field provide an effective
3 © 2001 American Institute of Physics
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isotropy direction for spatial correlations even in the abse
of a dc field?~b! In the presence of a dc field, what is th
influence of considering the direction of the local mean~in-
stead of the dc! magnetic field? To answer these questio
we perform three-dimensional~3D! MHD pseudo-spectra
incompressible relaxation simulations, and propose a m
odology to study local anisotropy, based on the computa
of second order structure functions accumulated accordin
whether the separation is parallel to, or transverse to,
local mean magnetic field.

Spectral anisotropy occurs both in compressible and
compressible MHD turbulence. We note that, in addition
spectral anisotropy, the full~compressible, polytropic! MHD
equations verify variance anisotropy~anisotropy in the vari-
ance of the Cartesian components of the fluctuating fie!
for the strong dc field case~or small plasmab! and low
Mach number.23 That is, the fluctuating components of th
velocity fieldv and magnetic fieldb tend to be perpendicula
to the dc magnetic field. Nonetheless, variance anisotr
from an initially isotropic state does not happen in the
compressible cases reported in Refs. 13 and 23 nor in
simulations that we analyze here. We stress the fact tha
variance anisotropy is needed to obtain spectral anisotr
as it is shown for instance in the arguments proceeding f
Eq. ~3!.

The paper is organized as follows. A brief description
the numerical simulations performed is given in Sec. II. T
main results of our analysis are reported in Sec. III, a
summarized and discussed in Sec. IV. In Appendix A
describe some of the details of the data analysis. Finally
Appendix B we discuss the relation between the dyna
anisotropy studied in this paper and the well known kin
matic anisotropy between longitudinal and lateral struct
functions.

II. NUMERICAL SIMULATIONS

We perform a series of 3D MHD incompressible rela
ation simulations. We solve the standard MHD incompre
ible dissipative equations using~under the assumption of pe
riodic boundary conditions! a pseudo-spectral Fourie
technique as described in Ref. 13. We label our runs as
lows:

• dc run. We let a dc magnetic fieldBdc5Bdc ẑ act on the
plasma, and study the relaxation of the MHD fiel
v(x,t) andB(x,t)5Bdc1b(x,t).

• ISO run. This is an isotropic run, with no dc field. W
let v~x,t! andB(x,t)5b(x,t)relax in time, from an iso-
tropic initial condition with no net mean magnet
field.

Both runs start with isotropic, power-law, random-phase~v,
b! fields, with unit energy, zero cross helicity and zero ma
netic helicity. More explicitly, the initial fields are so that

Ev~k!5Eb~k!5
C

11~k/kknee!
5/3

, ~4!

wherekknee54k0 , k0 being the smallest wavenumber of th
system.Ev(k) and Eb(k) are, respectively, the kinetic an
Downloaded 14 Apr 2002 to 128.175.13.65. Redistribution subject to AI
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the magnetic omnidirectional power spectra. We defineL0

52p/kknee, our ‘‘energy containing scale,’’ as the lengt
unit, u0 as the velocity and magnetic field unit~recall that the
magnetic field is written in velocity units! and t05L0 /u0 as
the time unit. The normalization constantC in Eq. ~4! is
chosen so that̂b2&5^v2&52(kE

v,b(k)51 ~at t50!. For
the dc run,Bdc51 as well. The magnetic Prandtl number
set to 1, the macroscopic Reynolds number isR5u0L0 /n
5200 and the resolution is 1283 in all the runs. In all cases
the solutions approximately satisfy variance isotropy:

^vx
2&'^vy

2&'^vz
2&, ^bx

2&'^by
2&'^bz

2&, ~5!

where the bracketŝ& mean hereafter the spatial average ov
the whole computational volume. The fluctuating fieldsv and
b average to zero at all times:^v&505^b&.

In addition, we perform a hydrodynamic~HD! simula-
tion, that we label ‘‘HYDRO run.’’ Even though our goal in
this paper is to study MHD anisotropy, it turns out that a H
run is useful to clarify some aspects of the dynamics,
discussed in Sec. III D. The macroscopic Reynolds num
for this run is 200 and resolution 1283 as in the other two
simulations.

III. RESULTS

A. Anisotropy in presence of a dc field

In order to introduce new notation and ideas, while lin
ing them to the familiar case in which a dc external field a
on the fluid, we begin studying the output of the dc ru
Since the fluctuations are initially of the same order of ma
nitude as the dc field, we expect moderate spectral ani
ropy. The anisotropy level typically saturates when the
fields exceed the magnitude of the fluctuations by abou
factor 3.2,6 Figure 1 shows the reduced spectra att52. Note
that E1

v,b(kx)'E1
v,b(ky).E1

v,b(kz) for wavenumbers in the
inertial ~and dissipative! range. This is due to the cascad
suppression in the parallel direction, induced by the prese
of the dc field.2–7 We recall that the reduced spectra a
defined as

E1
v,b~ki !5 (

kj ,kl

E3
v,b~k! ~6!

@where E3
v(k)5 1

2uv(k)u2 and E3
b(k)5 1

2ub(k)u2 are, respec-
tively, the kinetic and magnetic modal energy spectra a
$ i , j ,l % denotes any permutation of$x,y,z%].

Spectral analysis is useful to study global anisotro
since it involves an expansion of the solutions in Four
modes. For a local study of anisotropy, a real-space ana
is needed instead. We propose to use second order stru
functions of the form

S~ l!5 1
2^uu~x!2u~x¿l!u2&, ~7!

whereu denotes eitherv or b. In Fig. 2, we evaluate Eq.~7!
with l5 l ẑ ~parallel case! and l5 l x̂ ~perpendicularcase!.
Note that both Figs. 1 and 2 reflect the fact that variations
the parallel (ẑ) direction are much smoother than the var
tions in the perpendicular plane. The fluctuating fields
main correlated over longer distances in the parallel dir
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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tion, than they do in any perpendicular direction. This
indeed the basis for reduced MHD-like models in which t
bulence is confined to wavenumbers which are nearly p
pendicular to the main, dc magnetic field.

Figure 3 displays structure functions computed follo
ing a fairly different approach. We divide the physical spa
in boxes of sizel box5

1
2L0 , and define alocal mean magnetic

field B0 within each box, as

B0[^B&box5Bdc1^b&box, ~8!

where ^•••&box means a spatial average over the box. W
then compute parallel and perpendicular~with respect toB0)
structure functions, according to the definition given in E
~7! and with respect toB0:

Si~ l ![S~ li!, where li[ l
B0

uB0u
, ~9!

S'~ l ![S~ l'!, where l'[ l
x̂ÃB0

ux̂ÃB0u
. ~10!

The unit vector in thex direction @x̂5~1,0,0!# is arbitrarily
chosen to obtain a direction which is perpendicular toB0 by
means of the vector product. Note that in this scheme, boli

and l' are functions of the positionx, since their orientation
changes from box to box. Details on the implementation
Eqs.~9! and ~10! are given in Appendix A.

FIG. 1. Reduced energy spectra for the dc run. The parallel directio
given by the dc field,Bdc5 ẑ. The reduced spectra in thex direction are
almost identical to the ones in they direction, due to isotropy in the perpen
dicular planes.
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A comparison of Figs. 2 and 3 shows a slight increase
anisotropy when the local mean magnetic field is conside
instead of the global one. Thus, it seems natural that e
when no dc field is present, the local mean field will give
anisotropy direction. This conjecture is confirmed in S
III C. Note that a quantitative measure of local anisotropy
needed to proceed. We address this issue in the next sec

B. Generalized anisotropy angles

In the presence of a dc magnetic field, a measure of
spectral anisotropy level is given by theShebalin angles.2

Let us choose a reference frame in which the dc field po
in the ẑ direction. The Shebalin angle for the velocity field
given by

tan2~u![
(kk'

2 E3
v~k!

(kki
2E3

v~k!
, ~11!

where ki
25kz

2 and k'
2 5kx

21ky
2 . Note that the RHS in Eq

~11! gives an estimate of the ratio between a ‘‘typical’’ pe
pendicular wavenumber and a ‘‘typical’’ parallel wavenum
ber. Isotropy in the perpendicular planes~see, for instance
Fig. 1! allows us to rewrite Eq.~11! in terms of the reduced
spectrum, either in thex̂ or in the ŷ direction:

is

FIG. 2. Parallel and perpendicular structure functions for the dc run.
parallel direction is given by the dc field,Bdc5 ẑ.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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tan2~u!52G[2
(kx

kx
2E1

v~kx!

(kz
kz

2E1
v~kz!

. ~12!

We can now writeG in terms of structure functions, by no
ing that

(
ki

ki
2E1

v~ki !5
1

2
^u] ivu2&5 lim

l→0

S~ l î !

l 2
. ~13!

As a result,

tan2~u!52G52 lim
l→0

S~ l x̂!

S~ l ẑ!
. ~14!

If the field v is isotropic, thenG51 and tan(u)5A2.
Note that Eq.~14! involves the computation of structur

functions which are either parallel or perpendicular with
spect to the dc magnetic field direction. It seems natura
extend the definition to the general case in which the para
and perpendicular directions are given either locally or g
bally ~see the previous section!:

tan2~u!52G[2 lim
l→0

S'~ l !

Si~ l !
. ~15!

FIG. 3. Parallel and perpendicular structure functions for the dc run.
parallel direction is given by the local mean field,B0[Bdc1^b&box . The
dashed lines illustrate a discussion from Sec. IV.
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By construction, definition~15! reduces to the classical defi
nition ~11! in the situation in which the parallel direction i
given globally~by the direction of a dc magnetic field!.

We can now give a quantitative measure of the incre
in anisotropy observed in Fig. 3 with respect to Fig. 2, wh
considering the local mean field instead of the dc field. E
matingG'S'(D l )/Si(D l ), whereD l is the grid size, we get
the following:

• from Fig. 2, using the dc field:Gb52.5; Gv52.2;
• from Fig. 3, using the local mean field:Gb53.4,

Gv52.6;

whereGb andGv correspond, respectively, to structure fun
tions computed forb and v. This confirms that anisotropy
with respect to the local mean field is greater than anisotr
with respect to the dc field.

C. Local anisotropy with no dc field

We now analyze the results of the globally isotrop
simulation, repeating the average procedure described in
III A and Appendix A. Even though there is no dc magne
field, the local mean magnetic fieldB0[^B&box5^b&box pro-
vides a well defined direction with respect to which corre
tions are anisotropic, as we show below.

Motivated by definition~15! for the generalized anisot
ropy angles, we plot the ratio of perpendicular to para
structure functions; Fig. 4 showsS'( l )/Si( l ), for t
50,1,2,3. It is evident that anisotropy angles grow mon
tonically in time. This behavior indicates a dynamical bu
up of local anisotropy from the random isotropic initial co
dition. Note that the magnetic field is more anisotropic th
the velocity field, a feature observed in numerical studies
global anisotropy.2,13

Figure 5 shows the same ratioS'( l )/Si( l ), at t53, but
computed following a conditional average procedure. T
idea behind this procedure is to investigate the effect of
intensity ofB0 . Only data coming from boxes in which th
local mean field intensityB0 is larger than a certain threshol
is considered for the computation of bothS'( l ) and Si( l )
~see Appendix A for details!. It is evident from the figure
that such a conditional average gives stronger anisotropy
higher thresholds. That is:anisotropy is bigger in regions o
a strong magnetic field. This result is consistent with previ
ous results for the globally anisotropic case,5,6 in which spec-
tral anisotropy is seen to increase linearly with the intens
of the dc applied field@specifically cos(u)}b/Bdc, whereb is
the rms of the fluctuating magnetic field#.

So far, the results for the analysis of anisotropy w
respect to a locally definedB0 are intuitive, and provide a
local version of the well known global anisotropy whic
arises in the presence of a dc magnetic field. It is also in
esting to analyze the possible effect of a locally definedV0 .
We address this in the next section.

D. The role of the local mean velocity field

There is a fundamental difference between the addit
of a constant magnetic field and the addition of a const
velocity field to the MHD equations. While the latter has n

e
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effect on the dynamics of the flow and can easily be remo
through a Galilean transformation to a moving coordin
system, the former cannot be eliminated from the equatio
and has the physical effect of propagation of perturbation
both directions along field lines, at the Alfve´n speed.17

Therefore, we do not expect the local mean velocity field
produce local anisotropy. Notwithstanding, analysis of
role of V0 is to some extent subtle and certainly nontrivial,
follows.

To proceed, we define a local mean velocity field in t
same spirit of Eq.~8!,

V0[^v&box, ~16!

and repeat the analysis of the previous section, followingV0

~instead ofB0) as the parallel direction. Figures 6 and
show the results thus obtained, which have to be contra
to Figs. 4 and 5. It is clear that there is some level of anis
ropy when the localV0 defines the local parallel direction
However, the amount of anisotropy is very low, giving ri
to values ofG,1.3, which is fairly close to the isotropi
valueG51. It is also to be noted that, unlike what was o
served in the previous section, anisotropy angles here ne

FIG. 4. The ratio between perpendicular and parallel structure functions
the ISO run, for different times:t50 ~continuous!, t51 ~dashed!, t52
~dash–dot! andt53 ~dash–dot–dot–dot!. The local meanB0 gives the par-
allel direction.
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grow consistently in time~Fig. 6!, nor do they as a function
of the value of the threshold~Fig. 7!. These results give a
first indication that the role ofV0 is not analogous to the role
of B0 .

It has to be noticed that the directions given byV0 and
B0 in our simulations are correlated, because of dynam
alignment,24,25 which tends to give finitêuv"Bu&, even with
zero cross helicitŷv"B&.26 Figure 8 illustrates this point, by
displaying histograms of

cos~a!5
v"B

uvuuBu
, ~17!

at different times. It is evident that the local alignment b
tweenv andB @which corresponds to cos~a!'61# tends to
grow in time and is non-negligible, since then. As a con
quence,V0 is somehow a surrogate forB0, which is consis-
tent with the small level of anisotropy observed in Figs.
and 7.

To test this interpretation, we study a purely hydrod
namic simulation. The results are shown in Figs. 9 and 10
this case,S'( l )/Si( l ) is even closer to the isotropic value o

orFIG. 5. The ratio between perpendicular and parallel structure functions
the ISO run. The local meanB0 gives the parallel direction. Threshol
values are 0~continuous!, ^B0& ~dashed! and ^B0&1s ~dashed–dotted!,
where^B0& ands are, respectively, the mean and the standard deviatio
B0 over the values it takes at different boxes.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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1, as compared to the MHD case~Figs. 6 and 7!. We analyze
this small level of anisotropy in Appendix B, where we sho
that the local analysis of anisotropy inherits some of
very well known kinematic anisotropy between lateral a
longitudinal correlations in isotropic solenoidal vect
fields.27 Nonetheless, we stress that this is a small effect,
its contribution is negligible as compared to the levels
anisotropy induced dynamically by the local mean magn
field.

IV. SUMMARY AND CONCLUSIONS

We present a study of local anisotropy in incompre
ible, 3D MHD. We seek for a local analog to the well esta
lished spectral anisotropy found in MHD turbulence, in t
presence of a dc magnetic field.1,2 We perform 3D MHD
pseudo-spectral incompressible relaxation simulations,
compute second order structure functions accumulated
cording to whether the separation is parallel to, or transve
to, the local magnetic field. The main result of the investig
tion can be phrased as follows:the local mean magnetic fiel
B0 produces local anisotropy for the correlations, even
cases in which the dynamical fields are globally isotrop
~i.e., when there is no magnetic dc field; see Sec. III!.

FIG. 6. The ratio between perpendicular and parallel structure functions
the ISO run, for different times:t50 ~continuous!, t51 ~dashed!, t52
~dash–dot! andt53 ~dash–dot–dot–dot!. The local meanV0 gives the par-
allel direction.
Downloaded 14 Apr 2002 to 128.175.13.65. Redistribution subject to AI
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Correlation lengths are longer in the direction of the loc
mean magnetic field. We also find that in the presence o
dc magnetic field, local structure functions are more ani
tropic if they are computed with respect to the local~instead

orFIG. 7. The ratio between perpendicular and parallel structure functions
the ISO run. The local meanV0 gives the parallel direction. Threshol
values are 0~continuous!, ^V0& ~dashed! and^V0&1s ~dash–dot!, wheres
is the standard deviation ofV0 over the values it takes at different boxes

FIG. 8. Histograms of the cosine of the anglea betweenv and B for the
ISO run, for different times:t50 ~continuous!, t51 ~dashed! and t53
~dash–dot!. The histogram fort52, which lies between the plots fort51
and t53, is omitted for clarity.
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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of the global! mean magnetic field~Sec. III A!. Anisotropy is
observed to be stronger in regions of a strong magnetic fi
~Fig. 5!.

We propose in Sec. III B a generalization of the Sheba
anisotropy angles2 which is suitable for the study of loca
anisotropy. Note that the RHS of Eq.~15! can be interpreted
as the square of the ratio of the parallel Taylor microscale
the perpendicular Taylor microscale, which gives a sim
interpretation to the definition. A paper on local anisotro
in globally anisotropic MHD turbulence~in the presence of a
dc field! has been presented recently elsewhere.28 In this
work, local anisotropy is measured by means of second o
structure functions, as well as we do here, but following
different method, which ultimately measures an anisotro
quantity which is not directly related to the Sheba
angles.29 In contrast, our analysis is based on a general
tion of the definition of global anisotropy angles which

FIG. 9. The ratio between perpendicular and parallel structure functions
the HYDRO run. The local meanV0 gives the parallel direction. The inten
sity of the lines increases in time (t50,1,2,3).

FIG. 10. The ratio between perpendicular and parallel structure funct
for the HYDRO run. The local meanV0 gives the parallel direction. Thresh
old values are 0~continuous!, ^V0& ~dashed! and ^V0&1s ~dash–dot!,
wheres is the standard deviation ofV0 over the values it takes at differen
boxes.
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ld

n

o
e

er
a
ic

-

customary in the literature,2,5,6,13as already mentioned, thu
allowing a more straightforward link between the local a
the global analysis of anisotropy.

We note in passing that, in showing that the appeara
of spectral anisotropy is not dependent upon the simu
neous presence of a dc magnetic field and three-dimensi
rectangular periodic boundary conditions, a potential conc
tual objection to the latter30 has been avoided; no magnet
field of a larger spatial scale than the dimension of the s
tem being investigated is required. Instead, the correla
anisotropy is sustained entirely by local effects.

It could be questioned whether our results depend on
election of the size of the boxes used to average in orde
obtain the local mean magnetic field. Our numerical exp
ration shows that the results do not depend qualitatively
the size of the boxes; furthermore, the quantitative dep
dence is weak, even though. Nonetheless, extremely h
spatial resolution would be needed to explore box sizes
ficiently smaller than the energy containing scale~over
which the average local magnetic field is meaningless a
direction in space! and big enough to avoid possible co
tamination from the solenoidal kinetic anisotropy discuss
in Appendix B.

It is interesting to note that the magnetic field lines d
fine locally two perpendicular directions: the normal and t
binormal. Anisotropy in perpendicular planes, relative
these directions, may in principle occur~as it was suggested
by a referee!. However, note that our definition of a loca
mean field that is constant within each box, does not allo
computation of these directions~associated to the curvatur
of the field lines!. On the other hand, the use of the loc
value of the magnetic field as a parallel direction would
low a study of this point, but would have some of the inco
veniences described in Appendix B. A preliminary examin
tion of this problem with our data seems to indicate that
there exists anisotropy in perpendicular planes, it is mu
smaller than the anisotropy studied in this paper. A furth
analysis of this issue in a future work may lead to interest
results.

Other directions for future work are perhaps mo
straightforward. One would like to see how the local anis
ropy depends on the Reynolds numbers, even though
reasonable to expect a result consistent with the global o
that anisotropy increases with the value of the Reyno
numbers. It could also be interesting to study the scale
pendence of anisotropy. Another interesting work would
to study the statistically steady turbulent regime by mean
simulations with the addition of a forcing term. Finally,
would be interesting to see if compressible MHD turbulen
develops local variance anisotropy, in analogy with the g
bal case.23
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APPENDIX A: THE AVERAGE PROCEDURE

We discuss here some technical aspects on the com
tation of Si( l ) andS'( l ) in terms of a local mean magnet
field. Since the calculation of these two quantities is tota
analogous, we sometimes only mentionSi( l ). As mentioned
in Sec. III A, we divide the physical space inNbox boxes, and
calculate a local mean magnetic fieldB0[^B&box in each
box. We then compute, for each box, a local contribution
S'( l ) andSi( l ), according to Eqs.~9! and ~10!. We finally
average the contributions from all the boxes to get

Si~ l !5
1

Nbox
(
i 51

Nbox

Si ,i~ l !, ~A1!

whereSi ,i( l ) is the contribution from theith box to the glo-
bal result.

A procedure must still be prescribed to obtainSi ,i( l ).
Note thatB0 is a discontinuous function ofx, the disconti-
nuities lying in the boundaries between boxes. To avoid p
sible pathologies arising as a consequence of these disc
nuities, we confine all computations within each box to
small region close to the center. We thus follow the follo
ing scheme:

• we fix one point, sayx, in the center of the box;
• we compute parallel and perpendicular displaceme

according to Eqs.~9! and ~10!, with l 5nD l , nPN, n
, l box/4D l , so that all separations are smaller than o
fourth of the size of the boxes;

• we simply evaluateSi ,i( l )5 1
2^uu(x)2u(x1 li)u2&box.

Since (x1 li) is not necessarily a grid point, a linear interp
lation method is used to evaluateu(x1 li). The quantity
1
2uu(x)2u(x1 li)u2 has to be averaged over different valu
of x. Due to the limitation in spatial resolution, we can on
compute this average over a few values ofx for each box,
and we do not find any significant impact of this local av
age in the results.

APPENDIX B: KINEMATIC VERSUS DYNAMIC
ANISOTROPY

We analyze in this section an initial condition forB. We
recall that the initial conditions are homogeneous, isotro
and solenoidal, which implies that they obey the kind
anisotropy between longitudinal and lateral structure fu
tions described by Batchelor.27

We review here these results, adapted to our terminol
and definitions. Consider longitudinal and lateral struct
functions of the form

Slon~ l ![ 1
2^uux~x!2ux~x1 l x̂!u2&, ~B1!

Slat~ l ![ 1
2^uux~x!2ux~x1 l ŷ!u2&, ~B2!

where x̂[(1,0,0) andŷ[(0,1,0) are orthogonal Cartesia
unit vectors. Assuming the existence of an order-4 Tay
expansion for these quantities, and making use of the i
ropy and homogeneity of the fieldu, as well as the condition
“"u50, it is possible to show~see Ref. 27!:

Slon~ l !5
1

2

u2

l2
l 21O~ l 4!, ~B3!
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Slat~ l !5
u2

l2
l 21O~ l 4!, ~B4!

whereu2[ux
25uy

25uz
2 andl25u2/Slon9 (0). In analogy with

Eq. ~15!, we define

GBatchelor[ lim
l→0

Slat~ l !

Slon~ l !
52, ~B5!

where the last equality holds from Eqs.~B3! and ~B4!. This
anisotropic behavior is purely kinematic. It does not depe
on the structure of the dynamic equations for the fieldu at
all. It is to be stressed that definitions~15! and ~B5! are not
equivalent, sinceSi andS' differ from Slon andSlat , as it is
clear from the simple inspection of their definitions. Non
theless, these quantities are related, as we show below.

Let us rewrite the magnetic structure functions, Eq.~7!,
as

S~ l!5 1
2@^uB~x!u2&1^uB~x1 l!u2&22^B~x!"B~x1 l!&#.

~B6!

The first term on the RHS of Eq.~B6! is just the total mag-
netic energyEb. Due to homogeneity, ifl is a constant the
second term on the RHS of Eq.~B6! is also equal toEb.
However, this result does not necessarily hold whenl is ei-
ther parallel or perpendicular to the local mean magne
field. Indeed, our simulations show that12^uB(x1 l)u2&
slightly departs from the constant valueEb as a function ofl.
The third term on the RHS of Eq.~B6! is the interesting one
Consider the case in which the point-wise local value of
field B(x), instead of the mean fieldB0 , is used to give the
parallel and perpendicular directions in Eq.~B6!. In this
case, this term only involves longitudinal correlations wh
li is used@correlations of the component ofB which is par-
allel to the displacementl, as in Eq.~B1!#, and lateral corre-
lations whenl' is chosen. However, the angle betweenB~x!
and l takes any value without restrictions in definitions~B1!
and ~B2! for Slon and Slat , while this same angle is identi
cally zero in definition~9! for Si andp/2 in definition ~10!
for S' . In this regard,Si can be obtained from Eq.~B1!,
replacing the ensemble average operator by a conditiona
erage operator, which only accepts data for the average w
the angle betweenB(x) and l is zero. Similarly,S' could be
obtained from definition~B1! for Slon . However, we pres-
ently do not know of any analytical way of expressing t
effect of such a replacement of the average operator. M
over, when the local mean magnetic fieldB0 is used as the
parallel direction, as we do in this paper, the relation b
tweenSi and Slon , and betweenS' and Slat , is even more
subtle. Therefore, we do not expect these quantities to
identical but we do not disregard a possible connection
tween them. To quantify this connection, we refer to o
numerical results.

In Fig. 11 we plot the ratio of perpendicular to parall
magnetic structure functions for the initial condition of th
ISO run, using in one case the local mean fieldB0 , and in
the other case the local valueB~x!, as the parallel direction
Note that no dynamics are associated to the magnetic fie
t50, so that the only source of anisotropy could be the
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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heritance of the kinematic anisotropy described above.
figure shows that this inheritance actually occurs, ev
though it is small: it gives an anisotropic contribution
S' /Si of order;0.1, which has to be compared to dynam
anisotropies of order 1 measured in Figs. 1–5. It is inter
ing to note that, when we use the local averageB0 instead of
B(x), most of this effect is lost. We thus conclude that t
local averaging process filters out part of the~undesired! in-
heritance of Batchelor’s kinematic anisotropy.
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